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Abstract 
In this article it is noted that, in equicharacteristic zero, the existence of small Cohen-Macaulay 
modules may be reduced to whether countably generatd infinite syzygies over cyclic hypersurface 
rings have finite type direct summands (Theorem 1.9). In the special case of simple singularities 
it is then shown (Corollary 5.2) that countably generated infinite syzygies decompose into direct 
sums of finitely generated modules. @ 1998 Elsevier Science B.V. All rights reserved. 
1991 Muth. Subj. Cluss.: Primary 13B40, 13C14; secondary 13B02, 13HlO 
In 1972 Hochster [24] established the existence of big Cohen-Macaulay modules 
over local rings which contain a field. His technique of proof remains an elegant 
blend of module theoretic concepts together with those of solving (many) polynomial 
equations in several variables (see [25, Chs. 4,5] for a more through exposition). 
Subsequent to Hochster’s paper we established in [18] a refinement of this result in 
the context of complete local rings. Namely, if A is an equicharacteristic complete 
local domain which is a module finite extension of a regular local ring R, then A has 
a countably generated module C which is free as an R-module. In this same paper no 
serious attempt is made in checking whether or not such modules should decompose 
into direct sums of finitely generated ones, although it is pointed out [18, Remark 3.61 
that in the essential case to be resolved one may assume A is normal and the extension 
of fraction fields from R to A is separable. In addition we will usually assume that R 
contains all “appropriate” roots of unity. 
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We keep the notation as above. In this article we entertain the possibility of acquir- 
ing small (i.e., finitely generated but maximal dimension) Cohen-Macauley modules 
for A by attempting to decompose big ones. Since big Cohen-Macaulay A-modules 
that are free as R-modules are available [18, Theorem 3.11, we restrict our attention 
to this type. In Section 1 we pursue a reduction of the problem which allows us to 
investigate potential decompositions in an apparently simpler setting. To be specific, in 
equicharacteristic zero we demonstrate (see Theorem 1.9 and surrounding discussion) 
how to produce small Cohen-Macaulay modules for A by decomposing big ones as 
modules over a very special class of hypersurface rings, namely those of the form 
B = R[T]/(T” - 70). We refer to such rings as “cyclic hypersurface rings”. In part, this 
result is accomplished via a particular ring extension factorization (see diagram 1.1) 
which we exploited in [21, Section 31 and is a byproduct of Abhyankar’s construc- 
tion [ 1, Proposition I] for “removing tame ramification “. An additional observation 
(Theorem 1.2) indicates that the big Cohen-Macaulay B-modules for which we need 
decompositions are those that qualify as infinite syzygies as B-modules. Thus, perhaps 
somewhat surprisingly, we reduce our proposed deliberations for the manufacture of 
small Cohen-Macaulay modules from big ones to that of decomposing infinite syzygies 
(countably generated ones will do) over cyclic hypersurface singularities. 
In Sections 2 and 5 we develop two rather different modes of attack on the decom- 
posibility question for cyclic hypersurface rings. We establish some general criteria 
(see (2.2), (2.5) and (5.1), (5.2)) un d er which infinite syzygies in this instance will 
be C-finite (our terminology for modules which are a direct sum of finitely generated 
ones). These results are independent of characteristic. However, our only genuinely 
successful achievement in these sections is to provide alternate arguments that infinite 
syzygies over simple hypersurface singularities are C-finite. 
Simple hypersurface singularities have been studied (and classified) by several math- 
ematicians. In particular, they are precisely the analytic local rings which have a finite 
number of isomorphism classes of indecomposable small Cohen-Macaulay modules, 
i.e., which are of finite representation type. With regard to the literature on the subject 
one should consult [4,19,13,16,23,28], and especially Yoshino’s monograph [41] for 
a fairly complete treatment of the subject. Thus, our most conclusive results of Sections 
3 and 5 are limited to hypersurfaces of finite representation type. We hope that future 
investigations will improve this situation. 
In Section 3 we review and develop some additional facts concerning the notion 
of purity in commutative algebra. Some of the observations in this section may be of 
independent interest. For example, we show that a countably generated balanced MCM- 
module (“MC,” is an abbreviation for “maximal Cohen-Macaulay”; these modules 
may be infinitely generated (see Section 0)) over a local Gorensteinn ring has a pure 
projection resolution of length one in which each of the two pure projective modules is 
C-finite and MCM (see Proposition 3.3 (b)). This fact allows us to establish in section 
4 for (B,m) a Gorenstein local isolated singularity that, if C is a B-module which is 
MCM and Z-finite, then any countably generated pure submodule of 2 (the m-adic 
completion of C) is C-finite also (see Theorem 4.4). 
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0. Remarks on definitions and notations 
We begin with some observations concerning ring extensions A/B (i.e. B is a subring 
of A) that occur during the course of this article. If A is an integral domain which is 
a module finite extension of an integral domain R such that the associated extension 
of fraction fields (denoted K(A)/K(R)) is separable, we say that A’/R is the normal 
closure of A/R provided that A’ is the integral closure of A in the field L, where 
L/K(R) is the Galois closure of K(A)/K(R). In case A = A’ we say that A/R is a 
normal extension. Moreover, under the assumption that the local ring A is complete 
and contains an infinite field, then the Cohen structure theory (see [lo] and [42, p. 
2941) asserts that A is a module finite ring extension of a complete regular local ring 
R with [A : R] = e, where e denotes the multiplicity of A. Finally, whenever the ring 
extension A/B of local rings satisfies the property that [A : B] is not divisible by the 
characteristic of the residue field of B, then there is a reduced trace map (or Reynolds 
operator) 71 : A + B such that Z( 1) = 1. 
As used in [25, p. lo] a “big” Cohen-Macaulay module C over a local ring (A, m, k ) 
for a system of parameters (abbreviated s.o.p.) XI,. .x, is one that satisfies: xi,. . . ,x, 
is an A-sequence for C and (xl,..., x,)C # C (or equivalently, mC # C). In this 
paper we refer to such modules as being “maximal Cohen-Macaulay” and use the ab- 
breviation ‘MCM-module”. Hence MCM-modules need not be finitely generated. The 
notion of balanced MCM-module has been introduced by Sharp [36] and implies that 
C is an MCM module at each localization and for each s.o.p. of A. With regard to 
the Serre condition Sk we will carry the preceding definition a step further. In partic- 
ular, we somewhat redundantly refer to a module M as being a balanced Sk-module 
provided 
(i) depth,+Mp > min(ht.P,k) and 
(ii) PMp # Mp for each prime ideal P in A. 
In case A is an integral domain, then the A-dual module, M* = HomA(M,A) gives 
rise to a duality theory for finitely generated torsion free A-modules as well as a 
canonical A-homomorphism 0~ : A4 --f AI**. For A normal this homomorphism is an 
isomorphism for finitely generated modules which satisfy the Serre condition &. In 
Sections 3 and 4 we will find it necessary to consider yet another type of “maximal” 
Cohen-Macaulay module. We will way that an A-module D which is m-divisible (i.e. 
mD = D) is of MCM type for the s.o.p. xi , . . . ,x,, provided x1 is regular on D and Xi+, 
is regular on D/(x,, . . ,x;)D, for i = 1,. . . , n - 1. An example of such phenomena occurs 
in the short exact sequence 0 -+ M -+ A? ---f D --f 0 in which A4 is an infinite syzygy 
module over a complete local Gorenstein ring B, where A? denotes completion of M. 
As noted in our introduction, “big” Cohen Macaulay modules which are direct sums 
of finitely generated modules are called C-finite modules (after Nunke’s terminology 
[3w. 
The notations pdAM < 00 (respectively, idAM < 00) refer to a module M of finite 
projective dimension (respectively, finite injective dimension). Likewise, flat dimM < 
cc indicates that M has finite flat dimension. 
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We close these preliminary remarks with some observations concerning source mate- 
rial for unexplained terminology or notation. For general facts in commutative algebra 
we suggest Matsurnura’s book [29] and for further discussion of purity and its associ- 
ated homological algebra we suggest Warfield’s article [39] and MacLane’s exposition 
[30, pp. 367-3751. With regard to ramification theory one should consult Bourbaki [8, 
VI (Section 8)] or our paper [21] for technical applications in Section 1. Yoshino’s 
monograph [41] provides an especially nice treatment of finitely generated MCM mod- 
ules over simple singularities. Finally, with regard to our previous articles [ 18,191 on 
MCM-modules which are free over a regular local subring one should consult Bartijn 
[5] and especially Duncan [12, Section 93 which contains some additions and correc- 
tions to our articles. 
One may consult Swan’s lecture notes [38, pp. 79-801 and Warheld’s article [40] 
for an informative discussion of the Krull-Schmidt theorem as needed for complete or 
analytic local rings. 
1. Reduction of the splitting problem to cyclic hypersurface rings 
Our initial task in this section is to describe the “splitting problem” for a particular 
class of A4CM modules. To this end let A be a complete normal local domain which 
contains a field of characteristic zero and let R denote a complete regular local ring 
over which A is a module finite ring extension with [A : R] = e (e denotes the 
multiplicity of A). Such a subring R is guaranteed by the Cohen structure theory (see 
discussion in Section 0) for complete local domains. As noted in the introduction we 
have been able to utilize M. Hochster’s remarkable construction [24] in order to obtain 
countably generated A-modules which are free as R-modules (see [ 18, Theorem 3.11). 
Of course the proviso that A contains a field is necessary for these constructions. A 
natural question that arises in this context is: must a nontrivial A-module which is 
R-free necessarily have a nontrivial finitely generated A-module direct summand? A 
slightly stronger version of this question is: must every finite number of elements in 
an A-module C which is R-free be contained in a finitely generated A-module direct 
summand of C? In case C is countably generated, the second question is tantamount 
to asking whether C is necessarily a direct sum of finitely generated A-modules. With 
regard to either form of the preceding question we may require further restrictions on 
the modules C we examine for appropriate A-module direct summands as long as the 
existence of such modules C is not in question. For example, we may want to require 
that C be a module over a suitable module finite ring extension S of A. 
In this paragraph we describe our strategy for requiring that the countably generated 
A-module C actually be a module over a specific module finite ring extension of A. 
However, we first require that the complete regular local ring R not only contain 
a field of characteristic zero but also that this field contains all of its roots of unity. 
Secondly, we apply our construction from [21, Section 31 (which parallels Abhyankar’s 
construction in [ 1, Proposition 11; see Section 0) that fits A, as described above, into 
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a ring extension diagram 
(1.1) /k 
,R,,; W-stein ) 
in which the diagonal line segments denote module finite ring extensions. The com- 
plete local domain S is a normal extension of R, i.e., the extension of fraction fields 
of S/R is Galois. The existence of S is the result of a three step process (again see 
[21, Section 31). The complete local normal domain B arises as the integral closure 
of R in a particular cyclic field extension of the fraction field of R. It is shown that 
B is Gorenstein (see [21, Theorem 1.4 and its proofl) and that the extension S/B is 
unramified in codimension one or, rather, “divisorially unramified” in the terminology 
of Singh [37] which we use as well, hence the abbreviation “d.u.“. At this point we 
bring back into the picture the distinguished class of S-modules under investigation, 
namely those S-modules which are free as R-modules (we often require them to be 
countably generated as well). Of course, if the S-module C is countably generated and 
R-free as an S-module, then C has these same properties as a B-module. In particu- 
lar C is an MCM-module over B (see Section 0 for definition and discussion of the 
“MCM” property). Since a nontrivial decomposition of C as an S-module necessarily 
gives the same over the subring B, it is our intention here at the outset to transfer our 
attention from the ring S to its subring B with regard to the aforementioned questions 
concerning finitely generated direct summands of C. Subsequent to our digression on 
A4CM B-modules we will justify this apparent loss of generality by exhibiting finitely 
generated MCM S-modules as a result of B-direct summands of C. In the setting of 
the ring extension B/R and the B-module C as presented above, we record a useful 
characterization. 
Theorem 1.2. Let R be u local Gorenstein ring and let B be a module jnite extension 
of R such that B is Gorenstein also. Let C be a B-module which is free as an R- 
module. Then C is un injinite syzygy us c( B-module. 
Proof. Since both R and B are Gorenstein and B/R is module finite, it follows that 
HomR(B,R) E B (note that B is semi-local; so its canonical module has a single iso- 
morphism class). Here the B-module structure on HomR(B,R) is of the form (bf)(x) =: 
f(bx), where b E B,x E B and f E HomR(B, R). Therefore, the same B-module struc- 
ture applied to HomR(B, C) makes HomR(B, C) into a free B-module. Next we consider 
the natural identification of C with HomB(B, C) in HomR(B, C) via the injective homo- 
morphism i : C -+ HomR(B,C), where i(c) = fc and f,(b) =: bc for each b E B. 
Since i(bc) = f hc = b,fc it follows that i is a B-homomorphism. Let C’ denote the 
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cokemel of i. The commutative triangle, 
where v(g) =: g(l), demonstrates that C is an R-module direct summand of HomR(B, C) 
since v is an R-homomorphism. It follows that the B-module C’ is also free as an R- 
module and that C is a first syzygy for C’ as a B-module. We may repeat the above 
construction for C’ and realize C’ as a first syzygy over B in which the B-cokemel is 
free as an R-module, that is, we may continue the process indefinitely. Thus C is an 
infinite syzygy as a B-module. 0 
Corollary 1.4. Let R,B and C be as in (1.2) and, in addition, assume that R is a 
regular local ring. Then the B-module C is free as an R-module if and only if C is 
an injinite syzygy as a B-module. 0 
Proof. The necessity has been established in Theorem 1.2. The sufficiency is a con- 
sequence of the observation that a free B-resolution is also a free R-resolution. (Recall 
that B is R-free since B is Gorenstein and R is a regular local ring). However, R being 
regular yields that an nth syzygy is necessarily R-free once n > dimR. Here one should 
recall from Kaplansky’s theorem [27] that all projective modules over a local ring are 
free. 0 
In order to facilitate our method of producing finitely generated MCM S-modules 
from particular finitely generated MCM B-modules, we establish two general module 
isomorphisms in the context of normal ring extensions A/B for which A/B is unramified 
in codimension one. If our notation “A/F’ here appears to conflict with our original 
setup in the ring extension diagram ( 1.1) 
we remark that at this point there is no particular loss of generality in assuming that 
A=S. 
Before stating these isomorphisms we will discuss some of the necessary ingredients 
which go into their formulation and verification. The setting is that of a module finite 
ring extension A/B of local rings in which B is assumed to be an excellent normal 
domain that is Gorenstein. The extension is assumed to be normal (see Section 0) 
with Galois group G and, in addition, divisorially unramified. For the same reason 
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as noted by M. Auslander in [2], there is a ring isomorphism A(A; G) g EndsA, 
where d(A,G) denotes the twisted group algebra (see [ll, p. 801). This isomorphism 
shows that the A-module HomB(A,A) is necessarily free as an A-module (see discussion 
below for A-module structures imposed on HomB(A,A)). Our next result of this section 
generalizes this isomorphism in two ways. The first way utilizes reflexive A-modules 
induced from B via the functor HomB(.,A) while the second way utilizes reflexive 
A-modules induced from B via the functor HomB(A, .). However, it is necessary to 
make some remarks concerning the A-module structure of HomB(M, N) where both M 
and N are themselves A-modules. (One should also consult [8, pp. 22-241 and [ 11, p. 
801). There are two natural choices for an A-module structure. Namely, we may use 
the domain or the codomain in order to define the structure. In the case of the former, 
a B-homomorphism f : A4 -+ N receives its A-structure via the definition (af)(m) =: 
f(am), where a E A. We refer to this induced A-module structure as the “domain 
induced” A-module structure. In the latter definition, Homs(M, N) receives its A-module 
structure via the equation (a_/)(m) =: af(m), where of course af(m) refers to the A- 
module structure on the codomain N. This structure we say is “codomain induced’. 
The isomorphism d(A; G) E HomB(A,A) = EndBA mentioned above uses the codomain 
induced definition for the A-structure of HomB(A,A). The codomain induced structure 
comes into play in the following way. Defining an A-module structure on A@BA via the 
first factor, we define a map v : A @gA -+ HomB(A,A) via v(at @a*) = E, where a(x) = 
uttr(azx). Here tr denotes the “reduced” trace (or Reynolds operator) mentioned in 
section 0 (recall that tr( 1) = 1). The map v becomes an A-homomorphism when using 
the codomain induced structure on HomB(A, A). Also recall from [20, Section l] that the 
map a H @(a.) gives a natural A-isomorphism from A to A* = HomB(A,B) since A/B is 
divisorially unramified. A B-algebra A with the property that A ” HomB(A, B), where B 
is Gorenstein, is often called quasi-Gorenstein; in particular such a ring A is Gorenstein 
if and only if it is Cohen-Macaulay. The “fundamental theorem of Galois theory” (see 
[ 11, p. SO]) guarantees that the homomorphism v is an isomorphism in codimension 
one, since A/B is flat and unramified there. It then follows from the normality of B 
and the divisorial unramification of A/B that v* : HomB(A,A)* + (A C$B A)* is an 
isomorphism in codimension one. The reflexive property of the domain and codomain 
of v* then guarantee that the homomorphism v* is an isomorphism. However, (A@BA)* 
is also isomorphic to the B-dual of the free A-Algebra V(A; G) as defined in [l 1, p. 
801. Thus the A-module EndBA = Hom&A,A) is A-free under each of the preceding 
A-module structures. 
Proposition 1.5. Let B be an excellent local normal domain that is Gorenstein und 
let A/B be u normul extension such that A is local us well. Further suppose that AIB 
is divisoriully unrumijied. 
(i) For M a finitely generated rejexive A-module, there is a natural A-isomorphism 
q5 : M @A EndsA t HomB(M*,A) dejned by 4(m ~3 c)(f) =: &f(m)), where M” = 
HomA(M,A) and where the A-module structure on the respective homomorphism mod- 
ules is domain induced. 
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(ii) For M a (not necessarily finitely generated) balanced &-module over A, there 
is an A-i.~omor~hism li/ : M @.d EndsA -+ Hom~(A,~) ~e~~e~ JI ~(~~&)(~) = Ed, 
where the A-module structure on the respective homomorp~lism rnod~~e is ~odomain 
induced. 
Proof. The key points in establishing part (i) are that s(f(am)) = (F: o a,f)(m) = 
(ae of)(m), because J(am) = af(m), and that 9 is an isomorphism for M = A. Thus 
q remains an isomo~hism for M finitely generated and A-free; hence q is always an 
isomorphism in codimension one for M a finitely generated reflexive A-module. Our 
conclusion now follows from the normality of A. 
The argument for part (ii) with A4 finitely generated and reflexive over A is much 
the same as the argument above. However, we need to make some further remarks 
in the case that M is a balanced &-module. First since A is finitely generated as a 
B-module we have the isomo~hism 
S-‘Homs(A,M) &Z Homs-~s(SL’A,S-‘N) 
for S a multiplicative set in B. This allows us to localize to the case of codimension 
one as above. Here the fact that A is finitely generated and free over B gives that 
q!~ is an isomo~hism in codimension one. Second, the validity of the isomo~hism in 
codimension one gives that Ic/ is an isomorphism in general, since both M @A EndsA 
and Homs(A,M) are easily observed to be balanced &-modules as well. 0 
Before stating the corollary below, we remind the reader that a byproduct of the 
hypothesis of ( 1.5) is that EndsA is a free A-module (see the discussion preceding 
Proposition 1.5 >. 
Corollary 1.6. Let A/B be as in (1.5) und let M be a finitely generated rejexive 
A-module. For q = [A : B] there are A-isomorphisms M4 Z Horn&W*, A) and My % 
Homs(A,M), where the domain induced structure is used in the$rst ~somorphism and 
the ~odo~~a~n structure is used in the second. Furthermore, the second ~soinor~h~s~~ 
remains valid for M a balanced S2-module. 
A naive attempt at constructing maximal Cohen-Macaulay A-modules, in the situa- 
tion A/B as above, might be to find a maximal Cohen-Macaulay B-module M so that 
Horn~(~~A~ or Hom~(A,~) is maximal Cohen-Macaulay~ This is a somewhat tenu- 
ous po$sibi~ity since clearly B = M will not work in case A is not Cohen-Macau~ay 
itself. Nevertheless, the preceding statements establish that this phenomena must occur 
for A/B sts in (1.5) if A is to possess a maximal Cohen-Macaulay module. A precise 
summary of these implications is recorded below. 
Corollary 1.7. Let A/B be as in (1.5) and .~uppose that M is a~~itely generated maxi- 
mal Cohen-Macau~ay A-module. Then HiOm&f, A) and HOK&(A,hf) are also max- 
imal Cohen-Macaulay A-modules. Morever, it is suficient that M is a balanced 
maximal Cohen-Macauluy module in order that HomB(A>M) be maximal Cohen- 
Macaulay. 
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Proof. We consider the case that A4 is finitely generated and maximal Cohen-Macaulay. 
The normality of A guarantees that M is reflexive and Corollary 1.6 shows that 
Homa(M*, A ) is maximal Cohen-Macaulay since this module is isomorphic to MY. 
However, M* = HomA(M,A) is isomorphic to Homs(A4,B) via the adjoint isomor- 
phism theorem, since A E HomB(A,B) follows from the fact that A/B is divisori- 
ally unramified. Since B is Gorenstein we also have that HomB(M,B) is maximal 
Cohen-Macaulay. Thus, we start over and replace A4 by M* in order to deduce that 
HomB(M, A) is maximal Cohen-Macaulay. 0 
Our main result for producing finitely generated MC34 A-modules from B-decomposi- 
tions of “large” MCM A-modules now follows. 
Theorem 1.8. Let B be an excellent local normal domain that is Gorenstein and 
let AIB be a normal extension such that A is local as well. Further suppose that 
AIB is divisorially unramijied. If the ring A has a balanced MCM module C such 
that C has a nontrivial jinitely generated B-direct summand M, then HomB(A,M) is 
a finitely generated (nontrivial) MCM A-module, where the A-module structure is 
domain induced. 
Proof. From Corollary 1.7, we see that HomB(A,C) is necessarily an MCA4 A- 
module where the A-module structure is codomain induced. Thus, as a B-module 
HomB(A, C) is also an MCM module. If C has a B-decomposition, C = M @ N 
where M is a finitely generated B-module, then HomB(A,M) is a B-direct summand 
of Homa(A,C). This yields that HomB(A,M) is MCM as a B-module. Finally, we 
impose the domain induced A-module structure on Homs(A,M) and conclude that 
HomB(A,M) is an MCA4 A-module (the depth of a finitely generated A-module will be 
the same whether computed over A or over B since the ring extension A/B is module 
finite). q 
We wish to make a few remarks about the “subtle shift” in the A-structure on 
the module HomB(A,M) in the above argument. First, the finitely generated MCM 
A-module Homa(A,M) obtained in Theorem 1.8 is not necessarily an A-direct sum- 
mand of the MCM A-module C4 as perhaps the A-isomorphism Cq ” Homa(A, C) in 
Corollary 1.6 might suggest. This anomaly is a result of the A-module structure being 
employed in Corollary 1.6 is codomain induced while the A-module structure imposed 
on HomB(A,M) in Theorem 1.8 is domain induced. Second, as a consequence of the 
preceding remark we are not able to achieve even a modest affirmative result with 
regard to our original questions at the beginning of this section as to the existence 
of nontrivial finitely generated A-module direct summands of the R-free module C. 
However, we shall attempt to demonstrate the potential contribution of Theorem 1.8 
in subsequent sections. We close this section with a final observation which further 
reduces the class of Gorenstein rings over which MCM modules C (as above) need 
to decompose, or at least have a nontrivial finitely generated direct summand. For the 
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diagram ( 1.1). 
Theorem 1.9 (Notation us above). Let A be u complete local normal domain thut 
contains a field of characteristic zero in which all roots of unity are present. Let 
R be a complete regular local subring of A such that the extension A/R is module 
jinite and such that R contains all roots of unity. Let B denote the complete local 
Gorenstein ring in the factorization diagram for A/R and let [B : R] = n. Then B 
is the integral closure of a local hypersurface domain R[t] E R[T]/(T” - n). If an 
S-module C which is R-free has a non-trivial finitely generated R[t]-direct summand, 
then S and A have a nontrivial jinitely generated MCM module. 
Proof. In view of Theorem 1.8 it suffices to exhibit a B-decomposition of C in which 
one of the summands is nonzero and finitely generated. To this end suppose that C = 
Ci @Cz as a D-module, where D = R[t] and where Cl is nonzero and finitely generated. 
Then Horn&B, C) Z HomD(B, Ci)@Horn~(B, C2) in which the B-module HomD(B, Cl) 
is finitely generated. Our task will be finished if we can argue that C ” HomD(B, C) 
as a B-module (even as D-modules would suffice!). 
There is a natural composition of maps 
i 




HomdB, C) ’ HomdQ C) 
for which j 0 i = id,. Thus, 
Homo(B, C) = i(C) @ W 
over D. However, B/D is R-torsion since B is the integral closure of D from which it 
follows that W is R-torsion. It then follows that W = 0 since Homo(B, C) is R-torsion 
free. Hence the B-monomorphism i is actually a B-isomorphism. Cl 
2. An affirmative result on splitting of MCM modules 
Continuing the theme begun in Section 1, we state a fundamental question resulting 
from that discussion. 
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(2.1) If the local hypersurface B is a cyclic extension of the regular local ring R (we 
usually assume that R is complete and contains a field with all primitive roots of unity 
present) and if C is a countably generated infinite syzygy over B, then is C necessarily 
C-finite? 
The basis for considering this problem is the essence of Theorems 1.8 and 1.9 
together with Theorem 1.2. In what follows we achieve a modest degree of success 
in that we provide an affirmative answer to the above problems for a particular class 
of complete hypersurfaces, namely those which represent simple singularities (see [4 1, 
pp. 60-641). Along the way we establish some general results concerning C-finiteness 
of modules. 
Lemma 2.2. Let B he a complete local ring and let C be a B-module. If there is un 
element x in B +uhich is regular on both B and C such that C/XC is C-jinite and such 
that xExtL(C, .) = 0, then C itself is C-jinite. 





1 1 x 
O----i Z- F- C-O 
1 I 
c/xc = c/xc 
with exact rows and columns. Since xExtL(C, .) - 0 it follows that the extension 
0 + Z + K + C + 0 splits and hence that Z $ C is a first syzygy for C/XC. Since 
C!xC is C-finite we have that 2 @ C is stably isomorphic to a C-finite B-module. Thus, 
the Krull-Schmidt theorem for C-finite modules over complete local rings yields that 
Z @ C (and in particular C) is C-finite. 0 
Lemma 2.3. Let B be a complete local Gorenstein ring, let F be a -free B-module 
(possibly of injinite rank) and let C be an injinite B-syzygy. 
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(i) Then Ex$,(C, F) = 0, for i > 0, and 
(ii) if the short exact sequences 
0 --+ C + F’ -+ C’ + 0 and 0 -+ C + F” + C” + 0 
are such that F’ and F” are free B-modules und C’ and C” are injnite B-syzygies, 
then C’ and C” are stably isomorphic. 
Proof. Part (i) is immediate from the fact that C is an infinite syzygy and idF < cc 
since B is Gorenstein. 
In order to see part (ii) we consider the push out diagram 
0 0 0 
From part (i) we have that ExtL(C’,F”) = ExtL(C”,F’) = 0 from which it follows 
that F” 63 C’ S E S F’ @ C”. 0 
A key ingredient for the applications of Lemma 2.2 is the next result. 
Theorem 2.4. Let R be a complete local Gorenstein ring and let a be a reyulur 
element in R. Let B = R[T]/(T” -a) f or some n > 1. If C is a B-module which is free 
as an R-module and which is an injinite syzygy as a B-module, then t"-'Extk(C, .) = 
0, where t in B represents the coset determined by T. 
Proof. We recall the construction (1.3) within the proof of Theorem 1.2 
(t) 0 + Cl AHomR(B,C,) + C’ + 0, 
where Ci represents a first syzygy (over B) of C and where C’ is stably B-isomorphic to 
C (Lemma 2.3). The injective B-map i identifies Ci in HOrQ@, Ci ) with Homs(B, Ci ). 
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It is noted in (1.3) that F = HomR(B, Cr ) is a free B-module using the domain structure 
on HomR(B, Cr ). Thus the short exact sequence (t) is B-exact with F free as a B- 
module. 0 
In the remainder of our argument we employ the following notation. If f E 
HomR(B,C,) then tf and St denote the R-homomorphisms whose values are defined 
by (tf)(b) =: tf(b) and (ft)(b) =: f(tb), respectively. We remark that ft = tf if and 
only if f is actually in the submodule Homs(B,C), i.e., if and only if f is actually a 
B-homomorphism. 
With the aid of the above notation, we define a map rt : HomR(B, Ct ) + Homs(B, Cl ) 
by: n(f) = CyIi t’ft”-I-‘. To see that n(f) E Homs(B, Cl), we set g = z(,f) and 
consider tg - gt as an element in HomR(B, Cr ). Since t”f - f t” = af - af = 0, where 
a = t” E R, it is a straightforward calculation that tg - gt = 0 and that g = z(f) 
is in Homs(B, Cr ). Moreover, a similar calculation shows that n(tf) = 7t(ft) which 
gives that rt is a B-homomorphism from F = HomR(B, Cl) to Homs(B, Cl) ” Cr. 
Furthermore we obtain a commutative diagram in ModB 
i 
e:O- C,------, F- Cl-0 
where z(c) = t”-‘c. It follows that, as an element in ExtL(C’, Cl ), the extension class 
[e] is annihilated by t”-‘. If el : 0 --f M + E ---f C’ + 0 represents any extension of 
B-modules in Exth(C’,M) then there is a commutative diagram 
which indicates that the extension class [el] is a homomorphic image of [e] under the 
induced B-homomorphism cp* : Extb(C’, Cl ) --) ExtL(C’,M). Hence t”-‘[e,] = 0; thus 
t”-‘ExtL(C’, .) = 0 from which we obtain t”-‘ExtL(C,.) - 0. 
Corollary 2.5. Let R, B and C he as in (2.4). If C/f-’ C is C$inite, then C is CTfinitr. 
Proof. We simply apply Lemma 2.2 with x = t”-‘. 0 
Corollary 2.6. Let R be a complete regular local ring and let a be u nonzero element 
in R. Let B = R[T]/(T2 - a> and let t denote the coset determined by T. If every 
infinite syzygy over R/aR is C$nite, then so is every infinite syzygy over B C-jinitr. 
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Proof. Let C be an infinite syzygy over B. Since B is R-free, it follows that C is an 
infinite syzygy as an R-module. Since R is regular local we have that C is necessarily 
R-free. Now t is regular on both B and C and C/tC is an infinite syzygy as a B/tB E 
R/aR-module. By hypothesis C/tC is C-finite. By Theorem 2.4, tExtL(C, .) Z 0. Thus, 
by Lemma 2.2 we obtain that C is C-finite as a B-module. 0 
The obstruction to extending Corollary 2.5 to include B = R[T]/(T” - a) for which 
IZ > 2 is the fact Lemma 2.2 guarantees only that t”-‘ExtL(C,.) ” 0. Even though 
infinite syzygies over BJtB S RIaR are C-finite, it remains unclear as to the C-finiteness 
of infinite syzygies over B/t”-‘B g (R/aR)[T]/(T”-‘). For example, the local Goren- 
stein ring k[X, Y]/(X2, Y*) 2 (k[X]/[X2])[Y]/(Y2) has a countably (infinite) generated 
indecomposable module, where k is any field (see [17, Theorem 2.31). However, all 
modules over the ring k[X]/(X2) are well known to be direct sums of cyclic modules. 
In spite of the limitations of Corollary 2.6 observed in the preceding, the result 
does serve as an induction bridge for dealing with the so-called simple hypersurface 
singularities as defined in [41, pp. 60-641. These singularities in equicharacteristic zero 
(up to isomorphism) are all of the form X: + . ..+~i+f(y.z), where f(y,z) is one of 
five particular polynomials in k[y,z]. Once the rings k[y,z]/(f(y,z)) are seen to have 
all infinite syzygies C-finite, then repeated application of Corollary 2.6 shows that each 
infinite syzygy over a simple hypersurface singularity is C-finite. One should consult 
section 5 (Theorem 5.2) for the final details. 
In closing this section we add yet another remark on the potential of Corollary 2.5 as 
an induction bridge. A “proof analysis” of Lemma 2.2 in conjunction with Corollary 
2.6 allows one to conclude that B = R[T]/(T* - a) is of finite representation type 
for finitely generated MCM modules in case that BJtB ” R/aR has the property. The 
relevant commutative diagram from the proof of Lemma 2.2 is 
0 0 
P. Grijjbh I Journal of‘ Pure and Applied Algebra 12X (1998) 251-279 265 
in which F is a free B-module and C is a finitely generated MCM B-module. Since 
tExtL( C, Z) = 0 we have that K ” Z@C. Thus since only finitely many indecomposable 
MCM modules can occur in the decomposition of C/tC over R/aR, it follows that only 
finitely many indecomposable MCM modules can occur in the decomposition of K 
(uniqueness of syzygies); hence the same holds for Z and C by the Krull-Schmidt 
theorem. 
3. Review of purity for commutative rings 
In this section we collect some general facts, much of which is in the folklore of the 
subject, regarding the “relative” homological algebra associated to the notion of pure 
(short) exact sequences and, perhaps, add a few new observations as well. Initially, 
we consider a fairly general setting and then allow our view to narrow down to the 
setting of local and complete local rings. Informative sources for this material can be 
found among [30, pp. 367-3791, [26], [34, pp. 94-961 and [39]. 
Let B be a commutative ring. An exact complex @ in ModB is called pure exact 
provided that the complex M @B C remains exact for each B-module M. As is well 
known, it suffices to establish that M 185 @ is exact for finitely generated M since 
the tensor product functor preserves direct limits. We quote a standard result [39, 
Proposition 31 on equivalent forms of the notion of purity. 
Lemma 3.1 (Warfield [39]). Let 9’ : 0 -+ E’ -+ E -+ E” -+ 0 be a short exact se- 
quence of B-modules. Then the following are equivalent: 
(i) Y is pure exact; 
(ii) for any finitely generated B-module M, the complex 0 --f M @B E’ + M @B E 
t M @B E” + 0 is exact; 
(iii) for any finitely generated B-module M, The complex 0 + HomB(M, E’) 
t HomB(M, E) --f HomB(M, E”) -+ 0 is exact; 
(iv) any jinite set of linear equations over B with constants in E’ which is soluble 
in E (via the embedding E’ + E) is soluble in E’. 
We remark that a submodule N of a module M is said to be pure in M provided 
the short exact sequence 0 + N + M + M/N + 0 is pure exact. In the local case 
we can add two additional sufficient conditions for purity. 
Corollary 3.2. Let (B,m) be a local ring and let Y : 0 + E’ + E + E” 4 0 be u 
short exact sequence of B-modules. 
(a) If the B-module M @BEI is separated in the m-adic topology for each finitely- 
generated B-module M, then Y is pure exact if and only if L @B Y remains exact 
,for each B-module L of finite length. 
(b) rf the B-module E’ has the separation property of part (a) and if (B/&B)@# 2 
S/g9 is split for each s.o.p. x_ in B, then S is pure exact. 
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Proof. The hypothesis on E’ in part (a) guarantees that, if M @B E’ + M @BE is not 
manic for some finitely generated B-module M, then (M/m”M) 63B I? + (M/m”M) @B E 
cannot be manic for n > > 0. Thus, the conclusion in part (a) follows. 
In order to establish part (b), we note that, if L is a B-module of finite length and if 
% is a s.o.p. of B in the annihilator of L, then L @B Y ” L @B 2, where B = B/&B and 
Y = 91x9. Hence, our hypothesis in (b) insures that L 8.B 9’ is exact and therefore 
our conclusion follows from part (a). q 
The “relative” homological algebra associated to the notion of purity can be devel- 
oped in more than one way (see [30, p. 361). For our purposes, we follow the lead 
of [39, Section l] and use Lemma 3.1 as a natural vehicle for developing the notion 
of a pure projective resolution for a B-module M. Namely, we obtain a pure acyclic 
complex V. with augmentation M in which each Vi is pure projective (i.e., each Vi 
is a direct summand of a C-finite B-module; see [39, Corollary 3, p. 7031). To be 
specific, for a B-module M we may construct a direct sum of finitely generated mod- 
ules and a pure short exact sequence 0 + K + V 3 M + 0 as follows. Let { V;.}iE~ 
be a collection of finitely generated submodules of M such that any finitely generated 
submodule N of M is contained in some VA. Let V = @j,EAV;. and define E : V + M 
via E((uA)) = Ci,AVj, where the “sum” Cnj. is taken in M and ranges over the finitely 
many nonzero components uj, in (vi,). It is immediate from Lemma 3.1 (iii) that the 
sequence 0 + K + V AM -t 0 is pure exact and that the class of pure projective 
modules coincides with the class of C-finite modules over a complete (or analytic) 
local ring (see [39, Corollary 4 (p. 703)]). Continuing the above construction, we may 
build pure projective resolutions of M, . . . + V2 + VI + VO -+ M -+ 0, such that the 
augumented complex is pure exact. It is straightforward that two pure projective reso- 
lutions of a given module M are homotopically equivalent. Thus, one may derive in 
the usual way relative derived (bi-)functors, denoted here by PEx&(M,N), for which 
the above resolutions may be used to compute. It is easy to show that PExtL(M,N) is 
naturally a submodule of Extk(M, N); however, this is not in general true for n > 1. 
In the following proposition we refine the above construction as it applies to modules 
of special interest to us in this article. 
Proposition 3.3. Let C be a countably generated B-module. Then 
(a) C has a pure projective resolution, 0 + VI + VO + C + 0, of length one, that 
is, the sequence is pure exact and both VI and VO are C-Jinite. Moreover, both VI 
and VO cun be taken to be countably generated. 
(b) If B is a local Gorenstein ring and tf C is a countably generated balanced MCM 
B-module, then Vo and VI (as in part (a)) can be taken to be countably generated 
MCM B-modules which are C-jinite. 
Proof. (a) Although the statement here is an immediate consequence of properties 
of countable direct limits, we reproduce a simple argument which provides the 
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conclusion. If C is generated by the sequence {cn}, let C,, be the submodule 
generated by cl, c-2,. . , c,. Then C is equal to the ascending union U, C,,. One checks 
that the sequence 
is pure exact, where I is defined by /1((0,. . . ,O,;,O, 0,. .)) = (0,. . . , O,:, - xl,O,O,. . .) 
and F is defined by summing the components of a vector in the codomain module C 
(see paragraph preceding (3.3)). 
(b) Since C is a balanced MCM B-module it follows that ExtL( T, C) = 0 if T is a 
finitely generated B-module whose annihilator has grade > 2. Hence, if M is any finitely 
generated B-module there is a natural isomorphism Homg(M**, C) 2 Home(M, C). If 
follows that in forming a C-finite module P’s and epimorphism Vo + C with pure 
kernel, it suffices to consider C-finite VO in which V’s is a direct sum of finitely generated 
reflexive B-modules. In pursuing this line of thought, let M be a finitely generated 
reflexive B-module. Hence M g N* for some finitely generated reflexive module N. 
In the terminology of [14, Theorem 5.51 there is a q-presentation of N, where q = 
n=dimB,oftheformO+K~E~N + 0 such that pdsK 5 n - 1 and such that 
E is a finitely generated MCMB-module. Taking the B-dual sequence, we obtain the 
long exact sequence, 0 + N* 2 E* 2 K* 5 ExtL(N,B). Let W = Image j, and let 




Applying the functor HomB(., C) to these short exact sequences yields the long exact 
sequences 
(t) 0 + HomB( W, C) + Homg(E*, C) + HomB(M, C) + Extb( W, C) 
and 
(tt) 
0 t HomB(T, C) + Homg(K*, C) + Homs( W, C)ExtL(T, C) + Extb(K*, C) 
--a Ext;( W, C) + Ext;(T, C). 
Since T C ExtL(N,B) and N is reflexive, it follows that grade (ann T) 2 3; so 
ExtB(T, C) = 0 for 0 5 i 5 2. Therefore, there are natural isomorphsims Exti(K*, C) g 
Exti( W, C) for i = 0,l. Hence, the long exact sequence in (t) becomes 
(1 t t) 0 -+ Homg(K*, C) -+ Homg(E*, C) -+ HomB(M, C) -+ ExtL(K*, C). 
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Suppose at this juncture we have shown that necessarily ExtA(K*, C) = 0. Let 
M,, play the role of C,** in part(a) and let E, correspond to E in the short exact 
sequence 0 + IV,, + E,* + W, + 0 (as in (1) above). Then (t) gives that 
HomB(E,“, C) + HomB(M,, C) is surjective. Hence, each map M, + C fits into a com- 
mutative triangle 
Thus, we obtain a commutative diagram with exact rows 
E 
@In c,- c-0 
I d 
en M,- C-O 
I E” 
@n E;- C-O 
in which each of the three kernels of the “E’S” is pure by Lemma 3.1 (iii). Moreover, the 
modules E,* are finitely generated MCM B-modules, since the E, are finitely generated 
MCM modules and since B is a Gorenstein local ring. 
It remains to justify the claim that Exti(K*, C) = 0, where K comes from the q- 
presentation (described earlier) 0 + K -+ E + N 4 0 with E a finitely generated 
MCM module and pdK < n,(q = n = dir&). Since N ” M* it follows that K 
satisfies Ss and that pdK 5 n - 3. The remainder of the argument hinges on the fact 
that Ext’B(T, C) = 0, for grade T > i and C a balanced MCM module. Let F. be a 
minimal finite free resolution for K with syzygy modules 2.; in particular, 2s = K and 
Z,,_s is free. Since K satisfies Ss it follows that Zi necessarily satisfies SS+~. Hence, 
we have that grade ExtL(Zi,B) > i + 4, for each i and that EXtg(EXtA(Zi,B), C) = 0 if 
I 5 i + 3. From the complex Fz with cohomology Exti(K,B), where Extg’(K,B) ? 
Exti(Zi,B), we get that ExtL(K*,C) ” Ext;lf’(ZF,C) for i < n - 3. However, Z:_, 
is free and therefore Extk(K*,C) = 0. This completes our argument with regard to 
3.3(b). 0 
An immediate consequence of Proposition 3.3 is the following statement. 
Corollary 3.4. Let B be a complete local ring. If M is a C-jinite B-module and if C 
is a countably generated pure submodule of M, then C is C-jinite also. 
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Proof. We may assume that A4 is countably generated since C is necessarily contained 
in a countably generated module direct summand. Thus, by Proposition 3.3(a), the 
countably generated module M/C has pure projective resolution 0 + VI + VO - 
M/C --f 0. An appeal to Schanuel’s lemma gives the commutative diagram 
0 0 
in which each row and column is pure exact. Thus E ” C @ V, ” VI @M, since V, 
and A4 are both pure projective. From the Krull-Schmidt theorem for C-finite modules 
over a complete local ring, we conclude that C is C-finite. 0 
A consequence of Proposition 3.3 indicates the complexity of extensions 0 + M’ --f 
M + M” + 0 of countably generated modules, even though both M’ and M” are 
C-finite. 
Corollary 3.5. Let B be a local ring and let C be a countably generated first syzygy 
over B. Then 
(i) C is stably isomorphic to a countably generated B-module M that fits into 
a short exact sequence 0 + M’ + M + M” 4 0 in which both M’ and M” are 
countably generated, C-$nite B-modules. 
(ii) Moreover, if B is a local Gorenstein ring and iJ‘ C is an infinite syzygy over 
B, then M’ and M” can be taken to be MCM as well. 
Proof. Let W be a countably generated B-module for which C is a first syzygy and 
let 0 4 VI ---) V0 + C + 0 be a pure projective resolution of C as described in 
Proposition 3.3(a). Next let F be a free B-module which will map on to W and which 
is “suitably large” in rank so as to construct the commutative diagram 
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0 0 
I I 
O-K-C,- VI -0 
I I 
O-K-F- Vn-0 
with exact rows and columns. We note that the syzygy module Cl is stably isomorphic 
to C. Of course, Vr is C-finite from Proposition 3.3(a). The module K is a first syzygy 
for the C-finite module k’s and is therefore stably isomorphic to a C-finite module. 
However, since cyclic free modules have local endomorphism ring, it follows that K 
is C-finite (see [38, pp. 79-801). In case C is an infinite syzygy, then W can be taken 
to be a balanced MCA4 module under the hypothesis of (ii). From Proposition 3.3(b) 
it follows that VO, VI and K can be taken to be MCM. 0 
We turn our attention to a discussion of pure injective modules over local rings with 
emphasis on the complete local case. One should consult Warfield’s article [39] for 
further details. 
Let R be a ring and let B be an R-algebra. If the short exact sequence Y : 0 + 
M’ + M + M” + 0 of B-modules is pure exact over B, then Y is also pure exact 
as a sequence of R-modules. This statement is an immediate consequence of Lemma 
3.l(iv) and plays a role in the next proposition. 
Proposition 3.6. Let R be a commutative ring and let B be an R-algebra. If A4 is u 
B-module and if E is a pure injective R-module, then HomR(h4, E) is a pure injective 
B-module. 
Proof. We must demonstrate that the functor HomB (.,HomR(M,E)) is exact on pure 
short exact sequences in ModB. Let Y be such a short exact sequence and consider 
the adjoint isomorphism 
Homs(Y, HomR(M, E)) 2 HomR(y 6%)‘~ A+‘, E). 
Since Y is pure exact in ModB, we have that Y @s A4 is also pure exact in Mods. 
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By our observation immediately preceding (3.6), it follows that Y 8.~ M is pure exact 
in ModR. Hence, E being pure injective as an R-module gives that Horn&Y @a A4, E) 
is a short exact sequence. Thus, Hom~(Y,Hom,&V,E)) is short exact as well. 0 
Corollary 3.1. Let B be a local ring and let E be the injective envelope of the residue 
field of B. 
(i) If M is any B-module, then its Maths dual, M” =: HomB(M,E), is a pure 
injective B-module. 
(ii) If B is a complete local ring, then any finitely generated B-module is a pure 
injective module. More generally, any direct product of finitely generated B-modules 
is pure injective. 
Proof. The verification of (i) follows directly from Proposition 3.6 with R = B. Part 
(ii) is a consequence of part (i) and fact that M Z M”’ when B is a complete local 
ring (see [31]). q 
Corollary 3.7 allows one to obtain a description of PExtL(C, C) where C represents 
a general C-finite module. Since every countably generated module is a homomorphic 
image of a C-finite module with pure C-finite kernel (c.f. Proposition 3.3) a general 
calculation of PExtA(C, C) has some relevance. 
Corollary 3.8. Let B be a complete local ring and let C be a B-module. Further, 
let C denote a C-finite B-module and let II denote the corresponding direct product. 
Then the natural embedding C -+ II induces the isomorphism 
PExti(C, C) ?Z Ker(Ex&C, C) --+ ExtL(C, ZZ)). 
Proof. From Lemma 3.l(iv) we observe that C is a pure submodule of n. From 
Corollary 3.7 we have that n is pure injective. Thus we obtain two exact sequences 
0 + HomB(C, C) + HomB(C, II) + HomB(C, n/Z) + 
Ext;(C,C) + Ext;(CJ), 
and 
0 + HomB(C,C) -+ HomB(C,I7) + HomB(C,I7/Z) + 
PExt;(C, C) -+ 0, 
where the first exact sequence is standard and the second exact sequence is derived from 
the fact that 0 4 Z + ZI + II/Z 4 0 is pure exact and the fact that PExtL(C, II) = 0. 
In Warfield’s article [39], he also discusses the notion and existence of pure injective 
envelopes. In particular, a pure submodule N of a module M is pure essential in M 
provided the only pure submodule S of M with the property that S n N = 0 and 
272 P. Grifith I Journal qf‘ Pure and Applied Algehru 128 (1998) 251-279 
S $ N is pure in M is S = 0. Thus a pure injective envelope of the module M is a 
pure injective module E which contains M as a pure essential submodule. Moreover, 
if M is embedded as a pure submodule in a pure injective module IV, then its pure 
injective envelope is isomorphic to a direct summand of W (containing the embedded 
copy of M). It follows that a C-finite module C has a pure injective envelope which 
is isomorphic to a direct summand of the corresponding direct product II. Hence, if C 
is MCM, then so is its pure injective envelope. 0 
In the theory of abelian groups, complete abelian groups correspond to the pure 
injective Z-modules. An example of this sort of phenomena over (complete) local 
rings follows. 
Proposition 3.9. Let (B,m, k) be a complete local ring and let S denote the countably 
infinite direct sum of copies of B. Let 3 denote the m-adic completion of S. If M 
is a finitely generated B-module, Then HomB(A4,S) is the pure injective envelope of 
Horn&V, S). 
Proof. Let II denote the corresponding direct product of copies of B and consider the 
natural injection S -+ n. Since S in pure in Il it follows that the m-adic topology on S 
and that induced on S from Ii’ coincide. Thus S is naturally a submodule of II. From 
our article [18, Lemma 1.71, S is isomorphic to a pure submodule of n and hence 
is flat since n is flat. Now consider E the pure injective envelope of S embedded 
as a direct summand of 17. Since E is necessarily closed and complete in the m-adic 
topology on Ii’ and since S is pure in E, it follows that the closure of S in Ii’ is 
contained in E, that is, we have the natural pure containments SC S C E 2 Il. If E/j 
is nonzero, then E/g represents a flat B-module with the property that k ~315 (E/l?) # 0. 
However, a flat B-module M must satisfy 
ExtL(M, m) 2 Torf(M, m”)’ = 0 
(see discussion in [14, p.7 (E)]). Hence, if k @B A4 # 0, then HomB(M,k) # 0 
and the induced homomorphism HomB(M,B) + HomB(M, k) is surjective, that is, M 
necessarily has B as a direct summand. Thus, if E/i # 0, then E/j must have B as a 
direct summand which implies that S is not pure essential in E. Consequently, E = i 
is the pure injective envelope of S. 
In order to complete our argument, let M be a finitely generated B-module and note 
that the injection 
Homa(M, S) + HomB(M, II) 
is pure exact from 3.l(iv). In fact we have that Horn&V, S) is the m-adic clo- 
sure of HomB(M,S) in HomB(M, II). From Corollary 3.7, the module HomB(M,S) is 
pure injective; thus HomB(M,$) is a direct summand of Home(M,I7) which contains 
HomB(M, S). It follows that HomB(M, S) is the pure injective envelope of HomB(M, S). 
q 
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4. Pure submodules of completions 
Let (B,m) be a complete local ring and let F be a free B-module of infinite rank. It 
is a consequence of [IS, Corollary I.61 that a pure countably generated submodule of 
P is free, where $ denotes the m-adic completion of F. Here we wish to establish a 
similar theorem in which the assumption that F is free is replaced by the assumptions 
that F is C-finite and ECU. Our best result occurs when B is assumed to be an 
isolated singularity and Gorenstein (see Theorem 4.4). However, most of the results 
occur as a consequence of the following statement which has some interest in its own 
right. 
Theorem 4.1. Let B be a complete local Gorenstein ring and let C be an infinite 
syzygy over B. [f C is an extension of ,Sjinite module by a module ofjinite projective 
d~~~e~sio~, thenC is C-Jinite. 
Proof. From our hypothesis on C we have that C fits into a short exact sequence 
0 --+ 2I + C --+ M ---f 0 in which C is C-finite and pd M < 0~‘. Also M fits into an 
exact sequence 0 ----f Z + F + M -+ 0 in which F is a free B-module and the syzygy 
module Z has finite projective 
construct the pullback diagram 
0 
dimension. Using these two short exact sequences we 




having exact rows and columns. Since F is free the middle row splits and, hence, it 
follows that P E C@F. Therefore, P is a C-finite module. Since Z has finite projective 
dimension and since B is Gorenstein we have that, in addition, Z has finite injective 
dimension. However, ExtL( C,Z) s Ext;l(Ctn,, 2) = 0, for n > > 0, since C is an 
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infinite syzygy. Then 0 t Z + P + C + 0 splits and, thus, P ” Z @ C. Since P is 
C-finite and B is complete it follows that C (and Z) is C-finite. 0 
The next lemma is directed toward application of Theorem 4.1. 
Lemma 4.2. Let (B,m, k) be a local Gorenstein ring and suppose that the B-module 
D is m divisible and of MCM type for the system of parameters XI,. . ,x,. Then 
(a) Torf(D,M) = 0 for i > 0 and M of jinite length and, 
(b) if B is an isolated singularity, then pdsD < cc. 
Proof. (a) We proceed by induction on n = dimB. For n = 0 we have that D = 0 and 
that the conclusion follows. We consider the induction step with n > 0 and assume that 
the conclusion holds for smaller n. In addition we remark that it suffices to consider the 
case M = k, the larger claim being a result of a simple induction argument on length 
M. Let x = xi and consider the short exact sequence 0 + D 3 D + D + 0, where 
D = D/xD and B = B/xB. Since, by induction we have Torf(D,k) = 0 for i 2 0, 
it follows from a standard “change of rings” argument that To<(D, k) 3 Torf(D, k) 
represents an isomorphism for i 2 0. However, this observation immediately yields 
that Torf(D, k) = 0 for i 2 0. 
(b) In order to establish this claim it suffices to show that D has finite flat dimen- 
sion (see [33, Corollary 3.2.71 or [19, Corollary 3.31). Hence, it suffices to show that 
TorB(D,M) = 0 for i>>O and M finitely generated. Since Torf(D, .) “commutes” with 
localization and since B is an isolated singularity we have that Torf(D, .) has support 
in {m} for i > dimB. Furthermore, the exact sequence from part (a), 0 --f D 3 D + 
D + 0, together with a similar induction argument give that D has finite flat dimension 
over B and hence also over B. Therefore the homomorphism Tory(D, M) 5 TorF(D, M) 
becomes an isomorphism for i > dim B. It now follows that Torf(D,M) = 0 for i > 
dim B. 0 
A technical lemma to be used in the sequel is given next. 
Lemma 4.3. Let (B, m) be a complete local Gorenstein ring which contains a complete 
regular local ring R such that the extension B/R is module finite. Let E be u B- 
module which is R-free and let I? denote the m-adic completion of E. Let C be a 
countably generated B-submodule of 8. Then C is contained in a countably generated 
B-submodule C’ of l? which is R-free and which is R-pure in I?. 
Proof. The argument here is a direct consequence of [18, Corollary 1.81 which states 
that every finitely generated submodule of I? is contained in a finitely generated R-free, 
R-direct summand of i. Thus we may use the “interlacing technique” in the proof of 
[ 18, Theorem 3.11 to obtain an ascending chain of finitely generated R-submodules of 
B, say El C E2 C . . . C: Ei C . . . , such that BEi C Ei+ 1, Ei is a free R-direct summand of 
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.@ and C C UEi. As remarked in the proof of [18, Theorem 3.11. The module C’ = UE, 
is a countably generated B-module which is R-free and R-pure in l?. 0 
Our main result on countably generated MCM modules over complete, local Goren- 
stein isolated singularities follows. 
Theorem 4.4. Let (B,m) be a complete local Gorenstein ring which is an isolated 
singularity. We assume that B is a module finite extension of a complete regular 
local ring R. Let C be an MCM B-module which is C-jinite. If C is a countably 
generated pure submodule of 2, then C is Z-finite. 
Proof. We remark that the modules C and 2 are both flat as R-modules (see [ 18, 
Lemma 1.71). Let xl,. ,Xd be a system of parameters for R. Then x,, . . . ,xd is a regular 
sequence on Z and 2. Moreover, the m-divisible module W = i‘/C is of MCA4 type 
for xl,. . , xd. Next, we proceed to construct inductively a pair of ascending sequences 
of submodules {M,}r& and {MitnE,, beginning with MO = C + C, which satisfy: 
(i) for n > 0, IV,, = C + C, has the property that IV&,/C = D, is a countably gener- 
ated submodule of W = c/C with the property that D, n(x,,. . . ,xi)W = (x,, . . ,x,)D,,, 
for 1 5 i 5 d. 
(ii) for n > 0, M,’ = C + CL is R-free and R-pure in 2. 
(iii) A4, CM,’ CMn+, for n > 1. 
We assume that A4, and IV; have been constructed with IV, CM:. Let 0: be the 
image of A4,’ in W. We note that 0; is countably generated. Then D,,+, > DA may be 
constructed as the countable ascending union 0: k such that 0: k+, contains a countable 
generating set of appropriate “solutions” to equations arising from elements in Dl, k n 
(x,, . ,xi) W thus resulting in the containments DA,k n (x,, . . . ,x;)W C(x,, . . . ,x,)DL:,+, 
for i 5 i 5 d. It follows that the ascending union Dn+, = U,“=, DL,k satisfies the 
criterion of part (i). Then A4,+, is defined to be the inverse image of Dn+, in 2. Since 
D ,,+, is countably generated it follows that M,,,, = Z + C,,, where C,,,, is countably 
generated. 
At this point we turn our attention to the construction of IV,‘,,, As above we construct 
M’ ,,+, as an ascending union of (C + Cn+,,k), where C,,+,,k is countably generated and 
where each finitely generated submodule of Cn+,,k is a contained in a finitely generated 
free R-summand of C+,,k. Moreover, we ask that B( C,,+,,k ) C C,+,,k+, These proper- 
ties can be achieved by an application of Lemma 4.3. We let M,‘,, = U,“=, M,,+,,k. 
It is immediate that the B-submodule M,‘,, is R-pure in 2. However, we also wish 
to see that M,‘,, is actually R-free. Since M,‘,, /C is countably generated, we may 
express M,‘,, as ML+, = C’ @ CA,, where C’ is a free R-summand of C and C,!,,, 
is a countably generated submodule of MA,,. It remains to argue that CA,, is R-free. 
However, this is an immediate consequence of [ 18, Lemma 1.61. Thus, the sequences 
of modules {M,} and {A4,‘} are now constructed so as to satisfy (i)-(iii) above. We 
let M = l-l,“=, A4,, = U,“=, M,‘. Then M has the property that M fits into a short exact 
sequence 0 + C + A4 + D -+ 0 for which D n (x,, . . ,x;)W = (x,, . . ,xi)D, for 
276 P. Gr@rhlJournal of Pure and Applied Algebra 128 (1998) 251-279 
1 < i 5 d. It follows that D is m-divisible and of MCM type for xl,. . . ,xd. From 
Lemma 4.2(b) we have that pdsD < x. Moreover, the argument for M,’ being free 
in regard to part (ii) above shows that M = u,r,M, is also free as an R-module. 
Hence by Corollary 1.2, C is an infinite syzygy as a B-module. From Theorem 4.1 it 
follows that M is a C-finite B-module. Since C is a pure submodule of M we conclude 
from Corollary 3.4 that C is C-finite as well. 0 
Corollary 4.5 (Notation as above). Every countably generated submodule ofi is con- 
tained in a countably generated C-jinite submodule of J?. 
Proof. If C is a countably generated submodule of 2 then we may construct M, as 
in the proof of (4.4), such that C CM. Since M turns out to be C-finite, then C is 
contained in a countably generated direct summand of M. 0 
5. Z-finiteness of infinite syzygies over simple hypersurfaces singularities 
In our final section we show how the finiteness of representation type induces C- 
finiteness for countably generated infinite syzygies. Analytic (or complete) local rings 
with this property have been classified in equicharacteristisic zero as a result of several 
author’s collaboration (see introduction). The simplification of countably generated, 
infinite syzygies that results from this phenomena is in part due to the fact that the 
notions of “pure injective” and m-addically complete become equivalent for a large 
class of balanced MCM-modules over such rings. This behavior has been observed for 
a long time in the category of modules over the p-adic integers (see [15, p. 1641). 
Theorem 5.1. Let (B,m) be a complete local Gorenstein ring which is an isolated 
singularity and let C be a countably generated inJinite syzygy over B. Then C has a 
pure projective resolution 
in which Co and Cl are countably generated MCM modules that are C-jinite (see 
3.3(b)). If 2, is pure injective, then C is Z-jinite. 
Proof. The fact that Co and C, can be taken to be MCM is the point of Proposition 
3.3(b). It remains to show that C is C-finite. We begin with the pure short exact 
sequence 0 + Cl 4 f1 --f D1 + 0 in which D1 is m-divisible and of MCM type for 
each s.0.p.. We obtain the long exact sequence 
0 + Homs(C,Cl) ---f HomB(C,i‘l) --f HomB(C,O )~iExtk(C,~~) 
--t PExt;(C,&) --f PExt;(C,D,) -+ . 
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Since C is an infinite syzygy over B, then there is a commutative square, 
+o) 
ExtL( C, Z, ) - Ext;( C, 2, ) 
p 
Ext;(G, CI ) - WXG, 2,) 
for C = syz,C(,). 
From Lemma 4.2(b), we have pdsDl < CO; therefore ids(D1) < co since B is 
Gorenstein. Thus y(“) becomes an isomorphism for n > > 0. It follows that the natural 
map y” : ExtL(C, Cl) + ExtL(C, 2,) is an isomorphism. Hence the induced homomor- 
phism PExth(C, C1 ) -+ PEx&C, 21) is a monomorphism. However, our assumption 
that 21 is pure injective gives that PExti(C, Ci ) = 0; thus C is necessarily C-finite. 
0 
The hypothesis on the pure injectivity of 21 holds for C-finite modules over complete 
discrete valuation rings. It also holds in the following setting. 
Corollary 5.2. Let (B,m) be a complete local Gorenstein ring for which there are 
only finitely many isomorphism classes of jinitely generated indecomposable MCM 
modules. Then every countably generated infinite syzygy over B is C-jinite. 
Proof. Let 0 + Ci + CO + C + 0 be a pure projective resolution of an infinite 
syzygy C which is countably generated. An application of Proposition 3.3 gives that 
we may take Co, Cl to be MCM as well as C-finite. From [41, (4.22) p.331 we also 
have that B is an isolated singularity. Let Ml,. . . ,A4, be representatives of the finite 
number of isomotphism classes of finitely generated indecomposable MCA4 modules. 
Thus C, ” M,a’ @ . . . @I A42 where C(i indicates the number of summands of Ci which 
are isomorphic to A4i. Of course ai is countable for each i. Thus, it suffices to show 
that, if M is a finitely generated MCM module, then the pure injective envelope of 
@“M is just its m-adic completion. We note that @“A4 ” HomB(M*,S) where 
S ” @“B. The required pure injective property on the completion of @“M, which 
can be identified with HomB(M*,S), follows directly from Corollary 3.9. 0 
We record a final observation concerning the construction of nontrivial examples in 
the ring extension diagram 
for which the complete local normal domain A is not Cohen-Macaulay (hence S is 
not Cohen-Macaulay) and for which the Gorenstein ring B is a simple hypersurface 
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singularity. Theorem 1.9 and Corollary 5.2 would guarantee that S (and hence also 
A) should have a nontrivial finitely generated MCM module. However, the fact the 
hypersurface B is an isolated singularity in this instance implies that S/B is unramified 
on the punctured spectrum (see [2]). As a result we would be in position to receive the 
full impact of Grothendieck’s purity theorem [22, X (3.4)] for complete intersections. 
It would follow that dirnB = dimA = 3 (or else S and A would necessarily be Cohen- 
Macaulay). As of this writing we are not aware of any such example (consult [7] for 
related results on the Cohen-Macaulay property for S in (1 .l )). 
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